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In this paper, I demonstrate a density functional theory plus dynamical mean field theory study
on the electronic properties of doped T iO2 rutile as well as another tetragonal phase anatase with
oxygen vacancy. The density of states and optical properties have been obtained from the electronic
structure applying screened hybrid exchange correlation density functionals. All the single-particle
excitations are treated within the dynamical mean field theory for independent quasiparticles. For
optical properties, excitations are considered by solving the Bethe-Salpeter equation for Coulomb
correlated electron-hole duo. On this theoretical basis, band structure and optical spectra for the
two structures of T iO2 are provided. Further, I compared the present results with earlier optical
data of parent structure and established the increased optical efficiency in doped T iO2 with oxygen
vacancy in both the structure.
Nanoparticles exhibit surprising electronic and magnetic
properties and thus they are having a number of ap-
plications in the industrial sectors like opto-electronics,
bio-medical, cosmetics and many others1. The proper-
ties like hardness, rigidity, surface to volume ratio dis-
tinguish nanoparticles from its bulk systems. T iO2 is
one of the most renowned materials among the oxides
for its variety of industrial applications. The transition
metal-oxygen bond here is having a property of increas-
ing co-valency with oxygen. Its catalytic property is used
in photocatalysis for organic synthesis. Moreover T iO2
is largely used in white painting, sensors, photovoltaic
devices, food preservatives or coloring, cosmetics and in
cancer treatment2–5.
The T iO2 polymorphs are predominantly three
crystal types, rutile (tetragonal (4/mmm), space
group: P42/mnmD
14
4h ), brookite (orthorhombic
(mmm), PbcaD152h) and anatase (tetragonal (4/mmm),
I41/amdD
19
4h). Among them only rutile and anatase
have a major role in industry based applications. Ex-
perimental results on T iO2 brookite is little short due
to its tough preparations and rare appearance6. The
nanostructure of this transition metal oxide material
affects the phase behavior and the thermal stability of
the material. Moreover it also has influence in industrial
applications. Nanostructure of this TMO shows band
gap changes as inverse square of particle size7. The
electrical conductivity is also affected due to the grain
boundaries. Since it is a non-toxic semiconductor
material with cost effective availability, and long term
stability T iO2 has been taken into account for photo-
voltaic applications. The optical gaps are reported to be
slightly above 3 eV for all the three polymorphs (rutile:
3.0 eV, anatase: 3.4 eV and brookite: 3.3 eV),8–10 so
T iO2 shows photoactivity in the UV region and acts
as inefficient active solar cell. Though in dye-sensitized
solar cells it acts as an economically viable and good
photoactive dye11–13.
Since T iO2 is an important semiconductor having in-
dustrial applications with large band-gap and frequently
used in daily life, enormous research has been already
reported14. Also T iO2 has good applications for pho-
tocatalytic reactions, including earth abundance and re-
sistance to photocorrosion15. But there is a great dis-
advantage of using T iO2 owing to its low quantum eff-
ficiency in photocatalytic reactions and high recombi-
nation of photogenerated electron-hole pairs. So a lot
of methods have been used to modify the properties of
T iO2 so that the lifetime of photogenerated electron-hole
pairs increase and reduce the band gap. Among them
doping T iO2
16,17, co-doping with two or more ions15,18,
hybridization with carbon materials19–21, coupling with
small band gap semiconductor22,23 are known to make
metal core T iO2 shell composite photocatalysts. Re-
cently defect induced changes in light absorption proper-
ties are also reported24,25.
Among all other defects found in T iO2 , oxygen va-
cancies are very important and appear in many metal
oxides26. Oxygen vacancies are easy to manipulate in
metal oxides and can change the properties of oxides
drastically. Both theoretical calculations and experimen-
tal characterizations27–29 prove that oxygen vacancies in
T iO2 are essential for photocatalysis and can lead to fer-
romagnetism and act as a magnetic semiconductor in
spintronics. In principle, the oxygen vacancies in T iO2
lead to the formation of unpaired electrons or T i3+ cen-
ters, which also make donor levels in the band structure
of T iO2. Additionally, oxygen vacancies are believed to
affect the electron-hole recombination process in photo-
catalysts, causing a change in chemical rates that de-
pends on charge transfer from either electrons or holes.
Several investigations also reported that oxygen vacancy
result in metallic conductivity30 at room temerature but
resistivity increases with cooling.
For all the above reasons, still there is a growing in-
terest in the development of oxygen vacancy and doping
in T iO2 and thereby exploring the properties for orbital
composition and magnetic moment. In this article I will
focus on these for the defect induced T iO2 polymorphs
rutile and anatase from theory using Si as dopant. I will
employ a combination of density functional theory(DFT)
and dynamical mean field theory(DMFT) and find out
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FIG. 1. (Color Online) Density of states for pristine (a)rutile
T iO2 and (b)anatase T iO2. Total density of states unveils
the band gap in both the cases.
optical constants to show increased efficiency.
I. METHODOLOGY
The structures of the three main T iO2 polymorphs are
well portrayed by the two complementary T ixOy building
block. Rutile and brookite consists of corner and edge-
sharing T iO6 units. In rutile, the band gap is about
3.1 eV and in ionic representation each Ti atom shares
four electron with two oxygen atoms resulting in T i4+
and O2−. The valance band and conduction band in this
wide band-gap semiconductor are mainly derived from
O − 2p and T i − 3d orbitals respectively. So when a
oxygen vacancy is introduced two electrons are donated
to the system.
The defect induced supercell structures of rutile-
T iO2−δ are relaxed on the DFT
32 level within the
generalized-gradient approximation using the Perdew-
Burke-Ernzerhof (GGA-PBE) functional in the WIEN2K
code31. The muffin-tin radii, RMT are chosen as 2.0 a.u.
for Ti, and 1.6 a.u. for O. The parameter, Rkmax (Rkmax
stands for the product of the smallest atomic sphere ra-
dius RMT times the largest k- vector kmax ) is chosen to
be 7.0 and 2000 k-points with a 10×10×20 k-mesh is used
here for structural optimization. Further, all atoms are
structurally relaxed until the maximum force is smaller
than 0.01 eV/A˚. The self consistent field (scf) computa-
tions are conducted till an energy accuracy of 0.001 eV
is achieved. The theoretical lattice constants obtained
from our calculation are in agreement with previous re-
sults of parent T iO2. Then the band structure and the
atom-resolved density of states are calculated from the
converged scf calculations.
Here I have used charge self-consistent DFT+DMFT
framework which is based on the pseudopotential ap-
proach for the DFT part and the continuous-time
quantum-Monte-Carlo method, as implemented in the
embedded dynamical mean field theory (EDMFTF)
package33, for solving the DMFT impurity problem. I
used the GGA+PBE functional form within the Kohn-
Sham cycle. EDMFTF package implements a com-
bined DFT and DMFT derived from the stationary
Luttinger-Ward functional. In this package the exact
double-counting of DFT and DMFT, Coulomb interac-
tion and SOC are accomplished nicely and the Greens
function is determined self-consistently. DFT+DMFT
treatment has been successful in explaining theories of
strongly correlated electron systems34–39. In the theo-
retical model, the non-interacting Hamiltonian is added
with the Coulomb interaction term, Hint,
40 to incorpo-
rate the effects of correlated Ti-3d orbitals. A self energy
functional(Σdc) is added to take care of the double count-
ing. Thus the total Hamiltonian, except the Σdc term is
expressed as,
H =
∑
k,a,σ
ǫk,ac
†
k,a,σck,a,σ + U
∑
i,a
nia↑nia↓+
U ′
∑
i,a,b,σ,σ′
niaσnibσ′ (1)
where ǫk,a is the band dispersion and U and U
′ are
the intra- and inter-orbital Coulomb interaction terms
between electrons with opposite spins of a orbital and
between electrons with same spins in two orbitals respec-
tively. The coulomb interaction terms are varied over a
realistic range to get nice agreement with earlier experi-
ments on TiO2 and the total Hamiltonian is solved us-
ing the DMFT method. The correlated orbitals are then
handled dynamically within the DMFT based on orbital
projection-embedding scheme achieved via the EDMFT
package. The impurity solver used in this DMFT code is
the continuous time quantum Monte Carlo(CT-QMC) in
the hybridization expansion method41. The parameters,
namely, the Coulomb interaction U , and the inverse tem-
perature, β(= 1/kBT ) are varied within an experimen-
tally realizable range to get the behavior of the oxygen
vacancy in the system. The DFT+DMFT calculations
are converged with respect to the charge density, chem-
ical potential and the self energy. Finally the maximum
entropy method42 is used for the analytical continuation
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FIG. 2. (Color Online) Density of states for doped (a)rutile
T iO2 and (b)anatase T iO2. Doping is induced by Si to engi-
neer oxygen vacancy in T iO2. Density of states plots reflects
the band gap is closed in both the cases and Fermi level has
finite weight of impurity levels and Ti-d band.
of the self-energy from the imaginary axis to real frequen-
cies with an auxiliary Greens function. Then from the
real frequency Greens function, the momentum resolved
spectral functions and the density of states are obtained.
II. RESULTS
The choice of coulomb interactions (U and U ′) has
an important role for getting the electronic properties of
the doped transition metal oxide with vacancy. For ru-
tile and anatase T iO2 I have chosen to calculate for a
reasonable range of U values and found that for U = 8.0
eV and U ′ = 6.8 eV the band gap energies exactly agrees
well with the experimental results8–10. The orbital de-
pendent density of states (DOS) for pristine rutile and
anatase T iO2 is shown in Fig.1. Though theoretical and
experimental band gap have slight difference but that
should not affect the electronic structure and transport
properties of defect induced T iO2 polymorphs. To create
the outcome of oxygen deficiency a realistic model with
one oxygen atom eliminated from the 4× 4× 6 supercell
of anatase and rutile T iO2 is formed. In Fig.2 the orbital
(a)
(b)
FIG. 3. (Color Online) (a) Electronic charge density plot for
(a) rutile and (b) anatase phase of T iO2 in the plane contain-
ing T i,O, Si. Charge density plots shows more conducting
region in comparison to parent T iO2.
dependent DOS for the doped rutile and anatase T iO2
with oxygen vacancy are displayed. Each T iO2 is having
oxygen atoms and adjacent Ti atoms. In rutile structure
among Ti atoms two are symmetrically equal so Ti-O
bond length is somewhat different. Removal of an oxy-
gen atom effects in three Ti bonds (with d character)
pointing in the direction of the oxygen vacancy position.
However the vacancy position is occupied by two elec-
trons. The resultant orbital density of states show impu-
rity states predominantly emerge from the T i−d orbitals
and doped atoms (Si is used here) and new states de-
velop in the band gap. The symmetrically equivalent T i
atoms will have same DOS (not shown here). The partial
charge density distribution is also shown in Fig.3 corre-
sponding to the defect states in both rutile and anatase
T iO2. The partial charge density distribution shows that
vacancy of one oxygen atom in both the T iO2 lattice de-
velops a highly conducting region in real space, and the
Ti atoms that were primarily having bond with the oxy-
gen become localized in the vacanct position. Due to the
impurity doping new energy levels come into the band
gap which indicates that compared with both the pris-
tine T iO2, there is extra charge on the O-deficient Ti
ions in the presence of an oxygen vacancy. As an out-
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FIG. 4. (Color Online) The (a) imaginary and (b) real part
of the dielectric function as calculated from DMFT for rutile
and T iO2 along in-plane and out-of-plane direction The static
value of real part of dielectric function has increased due to
oxygen vacancy and absorption peak is also starting from zero
energy making it more efficient for solar cell application.
come of doping the O-deficient Ti ions transform from
higher valence state to a lower valence state after creat-
ing a neutral oxygen vacancy. Now since anatase T iO2
has wide applications in the field of optoelectronic devices
and solar cell conversion efficiency so next I will show op-
tical properties of oxygen deficient T iO2. The imaginary
part of the dielectric function is defined as optical ab-
sorption. T iO2 has tetragonal structure and literature
shows it exhibits optical anisotropy. Hence, the presence
of anisotropy is also obvious for the doped systems, and
it is more pronounced in the low energy part of the spec-
tra. So I present optical properties in both the in-plane
and out-of plane direction.
The absorption spectra (Fig.S1(Supplementary)) of
undoped rutile structure shows 3.0 eV as initial energy
for absorption from DMFT calculations while dielectric
function at zero energy is having constant value of 5.75
and 5.55 along in-plane and out-of-plane direction which
is consistent with earlier results on rutile T iO2
43,44. So
our calculation with DFT+DMFT spectra shows very
good agreement with earlier results and the precise ab-
sorption spectra from oxygen vacant states also can be
achieved. Similarly for anatase structure the onset of
absorption starts from 2.4 eV and real part of dielec-
tric function is having values 5.35 and 5.2. Now I will
show optical absorption spectra which carry a number
of important properties like refractive index(η), relectiv-
ity (R), optical conductivity (σ), extinction coefficient(κ)
and optical loss spectra. In DFT+DMFT from EDMFTF
package all of these can be calculated. The theoretically
calculated in-plane and out-of-plane refractive indices for
rutile T iO2 are in close agreement with the experimental
results44. Therefore this DFT+DMFT method is good
enough to produce the doped T iO2 case.
The many body theory in rutile T iO2 is recently
reported45 but for anatase structure it is still not re-
ported. DMFT can unveil the presence of defects which
affects the optical properties of pristine T iO2 structures.
Fig.4a and Fig.4b shows real and imaginary part of di-
electric function of doped rutile and anatase T iO2. In
both the case though the nature of the absorption pat-
tern is same but in pristine T iO2 there was no absorption
peak below 3 eV but in doped cases it is different and ab-
sorption peaks start from almost zero energy. However
like parent structure optical anisotropy is present in the
doped system also and it is pronounced in both the struc-
ture. Though presence of low energy peaks in both the
case reflect the two directions as optically active for po-
larization of light. The reason for optical activity can
be explained from the band structure itself. Since oxy-
gen vacancy is created and the system is doped with Si,
which is having a tendency to accept negative charges
so the Fermi level will be changed towards conduction
band minima. So here Si will act as n-type dopant and
px, py and pz orbitals actively participate in optical tran-
sitions at low energy. Thus n-type dopants make rutile
and anatase T iO2 optically active in low energy for light
polarized along xy and z direction.
Now Fig.5 shows optical constants in in-plane and out-
of-plane for the enrgy range 10 eV which is reasonable
since I have taken DFT bands also in this range. The
refractive index is having a peak (Fig.4d) in the infrared
and visible range followed by a fast decrease in the ul-
traviolet range for rutile structure when electric field is
in-plane while there is a slow decrease for out-of plane
direction. For anatase structure refractive index follow
opposite behaviour, with two small peaks in in-plane vis-
ible and infrared range and a slow decrease in the UV
range while out-of plane refractive index is having a large
peak in infrared region and decreasing fast in the UV
region. Depending on the structure refractive index is
near about 2 in the visible range of the electromagnetic
spectrum. A similar behaviour is found for extinction
coefficient (Fig.4b), which is responsible for attenuation
of electric field and is a cause of dielectric loss. Next the
dielectric loss is presented in Fig.4f which shows high-
est loss in low wavelength region. According to all these
results optical constants can be changed by oxygen va-
cancy or doping. Next I have theoretical optical con-
ductivity also from DMFT. Optical conductivity in turn
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FIG. 5. (Color Online) The DMFT optical constants plot: (a)reflectivity, (b)extinction coefficient, (c) optical conductivity,
(d)refractive index, (e)absorption coefficient and (f) dielctric loss spectra for rutile and anatase T iO2 crystal structure. Optical
constants are plotted for in-plane and out-of-plane direction.
is related to refractive index (Fig.4d), absorption coef-
ficient (Fig.4e) and light speed. Optical conductivity is
the electrical conductivity as a result of movement of the
charge carriers due to alternating electric field generated
by electromagnetic wave. It is observed that optical con-
ductivity increases in doped T iO2 due to the new energy
levels in the bad gap. The impurity levels in the band gap
facilitate the electrons from the valance band transmits
to the conduction band.
In conclusion, the electronic structure of rutile and
anatase T iO2 has been investigated using DFT+DMFT
method with the introduction of oxygen vacancies and Si
doping. Electronic charge density shows formation of a
high conducting region in both T iO2. The theoretical re-
sults are consistent with earlier findings of n-type dopant
in T iO2
46. Optical excitations are found to be modi-
fied by oxygen vacancy while they remain anisotropic as
in the parent system. Optical activity in both in-plane
and out-of-plane direction is found for doped rutile and
anatase structure. As a result of defect and doping opti-
cally allowed transitions are from very low energy which
improves its applicability in opto electronic and solar ab-
sorption properies.
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FIG. S1. (Color Online) The plots show band structure of
pristine (a)rutile and (b)anatase and oxygen deficient (c) ru-
tile and (d) anatase T iO2 structure.
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FIG. S2. (Color Online) (a) Optical Conductivity, (b) dielec-
tric function of rutile and (c) dielectric function of anatase of
parent T iO2 structure.
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FIG. S3. (Color Online) Electronic charge density of pristine
(a) rutile and (b) anatase T iO2 structure in the plane containg
T i−O.
